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Abstract
For a tower G of %nitely generated nilpotent groups we denote by G(p) its localization
at a prime p. It is shown that if lim←
1G is nontrivial, then the canonical map lim←
1G →∏
all primes lim←
1G(p) is an in%nite-to-one covering. Another result concerning the %rst derived func-
tor of the inverse limit and localization is also shown in this paper. c© 2001 Elsevier Science
B.V. All rights reserved.
MSC: 20J05; 18G10; 55P60
1. Introduction
We recall that for a tower of groups
G1
1←G2 2← · · · ← Gn n← · · · ;
lim←
1Gn is de%ned as the orbit set of
∏
Gn with respect to the left action
(gn) · (xn) = (gnxn(n(gn+1))−1);
see [1, Chapter 9]. If the groups Gn are nonabelian, then lim←
1Gn is merely a pointed
set.
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For a nilpotent group G we set
DG =
∏
all primes
G(p)
the local expansion of G, and e :G → DG is the map whose projection onto the pth
factor is the localization map G → G(p). It is well-known that for a tower of %nitely
generated nilpotent groups the induced map
e∗ : lim←
1Gn → lim← 1 DGn
is surjective by Theorem 2:5 of [6]. We will show the following theorem which answers
aFrmatively Question 1 of [4].
Theorem 1.1. Let {Gn} be a tower of 6nitely generated nilpotent groups. If lim← 1Gn
is nontrivial; then e∗ is an in6nite-to-one covering.
For a tower {Gn} we put
s lim←
1Gn = ker e∗ = {∈ lim← 1Gn | e∗() = ∗}:
Theorem 1.2. Let  : {Gn} → {Hn} be a map between towers of groups such that
n(Gn) has 6nite index in Hn for each n. Then the induced map
lim←
1Gn → lim← 1Hn
is surjective. If in addition Gn and Hn are 6nitely generated nilpotent groups for each
n; then the induced map
s lim←
1Gn → s lim← 1Hn
is also surjective.
The %rst assertion of Theorem 1.2 is already known by McGibbon and Roitberg [3]
with an additional assumption.
These theorems above were born out of the study of phantom maps. Recall that a
phantom map f :X → Y is a pointed map out of a CW-complex whose restriction
to each n-skeleton, f|Xn, is null homotopic. If f :X → Y is a phantom map, then
f|X0 :X0 → Y is null homotopic. This means that the image of f is contained in the
connected component of Y which contains the base point. Therefore, without loss of
generality, we can assume that the target space Y is connected to study phantom maps.
If Ph(X; Y ) denotes the set of pointed homotopy classes of phantom maps from X
to Y , then the following bijections are well known, see [1, pp. 254, 255].
lim←
1[Xn; Y ] ∼= Ph(X; Y ) ∼= lim← 1[X;HY (n)];
where Y (n) denotes the Postnikov approximation of Y through dimension n. If X and Y
are connected, then [Xn; Y ] ∼= [Xn; Y˜ ] ∼= [Xn;HY˜ ], where Y˜ is the universal covering
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space of Y , and the latter group is nilpotent as in [7, p. 464]. Similarly [X;HY (n)] is
a nilpotent group.
A phantom map f is said to be special if its localization f(p) is null homotopic
for each prime p. By S Ph(X; Y ) we denote the set of pointed homotopy classes of
special phantom maps from X to Y , that is, S Ph(X; Y ) is the kernel of the map
e∗ : Ph(X; Y ) → Ph(X; DY ). Here DY =
∏
all primes Y(p) and the map e :Y → DY is de%ned
as for groups. Theorems 1.1 and 1.2 imply the following theorems about phantom
maps. A space X is called a %nite type domain if each of its integral homology groups
is %nitely generated; a space Y is called a %nite type target if each of its homotopy
groups is %nitely generated.
Theorem 1.3. Let X be a connected 6nite type domain and Y be a nilpotent 6nite
type target. If Ph(X; Y ) is nontrivial; then
e∗ : Ph(X; Y )→ Ph(X; DY )
is an in6nite-to-one covering. In particular; S Ph(X; Y ) is an in6nite set.
Theorem 1.4. (i) If f :X → X ′ induces an epimorphism between the rational coho-
mology groups of two connected 6nite type domains; and Y is a 6nite type target;
then
f∗ : Ph(X ′; Y )→ Ph(X; Y )
and
f∗ : S Ph(X ′; Y )→ S Ph(X; Y )
are surjections of pointed sets.
(ii) If g :Y → Y ′ induces an epimorphism between the rational higher homotopy
groups of two 6nite type targets, and X is a connected 6nite type domain, then
g∗ : Ph(X; Y )→ Ph(X; Y ′)
and
g∗ : S Ph(X; Y )→ S Ph(X; Y ′)
are surjections of pointed sets.
The %rst assertion in each part of Theorem 1.4 is proven in [3]. The remaining
assertions give an aFrmative answer to Question 6.1 of [5]. The proof of Theorem 1.4
is just like the proof of Theorem 2 of [3], using Theorem 1.2.
Remark. In Theorems 1.3 and 1.4 we assume that domains are connected. But it is
not diFcult to get rid of this extra assumption.
2. Proofs
We begin by the following lemma.
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Lemma 2.1. Let {Gn} be a tower of groups G1 1←G2 2← · · · and Hn be a subgroup of
Gn such that n(Hn+1) ⊂ Hn. Then there is an exact sequence of pointed sets
1→ lim← Hn → lim← Gn → lim← Gn=Hn
→ lim← 1Hn
i∗→ lim← 1Gn
and an action of the group lim← Gn on the set lim← Gn=Hn. The 6bers of the map
 : lim← Gn=Hn → lim← 1Hn are the orbits of this action. Moreover; if the tower {Gn=Hn}
satis6es the Mittag–Le;er condition; then the map i∗ : lim←
1Hn → lim← 1Gn is surjective.
Proof. For (gnHn)∈ lim← Gn=Hn we de%ne.
((gnHn)) = [(g−1n n(gn+1))]:
It is easy to see that this de%nition is well-de%ned. We de%ne an action of the group
lim← Gn on the set lim← Gn=Hn in the obvious manner. It is then straightforward to verify
that the sequence is exact and that the %bers of the map  are the orbits of this action.
Now we assume that the tower {Gn=Hn} satis%es the Mittag–LeNer condition, then
there is a subsequence {Gin=Hin}, which is abbreviated to {G′n=H ′n}, such that for any
number m
Im[G′m+1=H
′
m+1 → G′m=H ′m] = Im[G′r=H ′r → G′m=H ′m]
for all r¿m + 1. Since, by co%nality, we have the isomorphisms lim←
1H ′n ∼= lim← 1Hn
and lim←
1G′n ∼= lim← 1Gn, it suFces to show that lim← 1H ′n → lim← 1G′n is surjective. If we
put Kn = Im[G′n+1 → G′n], then all maps are surjective in the following sequence:
K1H ′1=H
′
1 ← K2H ′2=H ′2 ← · · · :
For any element [(xn)] in lim←
1G′n we can take xn in Kn since lim←
1Kn ∼= lim← 1G′n.
We will %nd elements gn ∈Kn and hn ∈H ′n such that xn = gnhn′n(gn+1)−1 for all
n¿ 1. These elements can be chosen inductively as follows. For n = 1 we choose
g1 = x1, h1 = g2 = 1. Since the map Kn+1H ′n+1=H
′
n+1 ← Kn+2H ′n+2=H ′n+2 is surjective,
there are elements gn+2 ∈Kn+2 and hn+1 ∈H ′n+1 such that ′n+1(gn+2) = x−1n+1gn+1hn+1.
Then xn+1=gn+1hn+1′n+1(gn+2)
−1. Thus, we prove that [(xn)]=[(hn)]∈ Im [lim← 1H ′n →
lim←
1G′n].
From now on, unless stated otherwise, {Gn} will denote a tower of %nitely generated
nilpotent groups.
For a nilpotent group G we denote by Gˆ its pro%nite completion, that is, the product
of its all padic completion. A tower {Gn} induces the following exact sequence of
towers:
1→ {Gn} → {Gˆn} → {Gˆn=Gn} → 1:
Lemma 2.1 applies to this sequence and we obtain the following exact sequence:
1→ lim← Gn → lim← Gˆn → lim← Gˆn=Gn
→ lim← 1Gn → ∗:
K. Iriye / Journal of Pure and Applied Algebra 173 (2002) 7–14 11
Here we used the well-known fact that lim←
1Gˆn = ∗. Thus, we have a natural bijection
lim←
1Gn ∼= lim← Gˆn \ lim← Gˆn=Gn
and by making use of this bijection we will investigate the inverse image of the map
e∗ : lim← Gˆn \ lim← Gˆn=Gn → lim← Gˆn \ lim← Gˆn= DGn:
Let x = (xnGn)∈ lim← Gˆn=Gn and y = e′∗(x), where e′∗ : lim← Gˆn=Gn → lim← Gˆn= DGn is the
canonical map. Then we have a bijection
e′∗
−1(y) ∼= lim← xn DGnx−1n =xnGnx−1n
and the correspondence is given by (nxnGn) → (nxnGnx−1n ) for n ∈ xn DGnx−1n . Let
g = (gn)∈ lim← Gˆn and (nxnGn)∈ e′∗−1(y), then g(nxnGn)∈ e′∗−1(y) if and only if
g∈ lim← xn DGnx−1n . Thus, we obtain a bijection
e−1∗ ([y]) ∼= lim← xn DGnx−1n \ lim← xn DGnx−1n =xnGnx−1n :
The tower {xnGnx−1n } is general not isomorphic to the tower {Gn} since (xn) may
not be an element of lim← Gn. But lim←
1xnGnx−1n = ∗ if and only if lim← 1Gn = ∗ since
the groups Gn are countable, see the remark after Question 4 in [4]. The following
proposition, therefore, implies Theorem 1.1.
Proposition 2.2. Let {Gn} be a tower of 6nitely generated nilpotent groups. If lim← 1Gn
is nontrivial; then
s lim←
1Gn ∼= lim← DGn \ lim← DGn=Gn
is an in6nite set.
We need the following lemma to prove Proposition 2.2.
Lemma 2.3. If 1 → {Kn} → {Gn} → {Hn} → 1 is a short exact sequence of towers
of nilpotent groups; then there is an exact sequence of pointed sets
∗ → lim← DKn=Kn → lim← DGn=Gn → lim← DHn=Hn → ∗:
Proof. Since there is an exact sequence of pointed sets
∗ → DKn=Kn → DGn=Gn → DHn=Hn → ∗;
it suFces to show that lim←
DGn=Gn → lim← DHn=Hn is surjective.
Case 1: Firstly we will prove the lemma when each Kn is central in Gn. It is easy
to see that each subgroup Kˆn is contained in the center of Gˆn. In particular, DKn is
contained in the center of DGn. The abelian group DKn=Kn acts freely on DGn=Gn and its
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quotient set is DHn=Hn. By Proposition 1:2 of [6] there is an exact sequence of pointed
sets
lim←
DGn=Gn → lim← DHn=Hn → lim← 1 DKn=Kn:
On the other hand there is another exact sequence of abelian groups
lim←
1Kn
e∗→ lim← 1 DKn → lim← 1 DKn=Kn → 0
and e∗ : lim←
1Kn → lim← 1 DKn is surjective by Theorem 2:5 of [6]. Thus lim← 1 DKn=Kn = 0
and lim←
DGn=Gn → lim← DHn=Hn is surjective.
Case 2: Now we prove the lemma in general. For a nilpotent group G and its normal
subgroup K we de%ne subgroups c(K;G) of G as follows:
1. 1(K;G) = K ,
2. c+1(K;G) = [G;c(K;G)] for c = 1; 2; : : : .
Then it is easy to see that each subgroup c(K;G) is a normal subgroup of G and that
c(K;G) ⊂ cG. Moreover there is a central extension
1→ c(K;G)=c+1(K;G)→ G=c+1(K;G)→ G=c(K;G)→ 1:
For a %xed c we have a tower of central extensions
1→ c(Kn; Gn)=c+1(Kn; Gn)→ Gn=c+1(Kn; Gn)→ Gn=c(Kn; Gn)→ 1:
By applying the result of the %rst case to this tower of central extensions we see that
lim← nGn=
c+1(Kn; Gn)→ lim← nGn=c(Kn; Gn)
is surjective, where PG stands for DG=G for a nilpotent group G. Since in the sequence
{lim← nGn=c(Kn; Gn)}c=1;2; ::: all maps are surjective, the projection map
lim← clim← nGn=
c(Kn; Gn)→ lim← nGn=1(Kn; Gn) = lim← n DHn=Hn
is also surjective. Since
lim← Gn
∼= lim← nlim← cGn=c(Kn; Gn) ∼= lim← clim← nGn=c(Kn; Gn);
lim←
DGn=Gn → lim← DHn=Hn is surjective and we complete the proof.
Proof of Proposition 2.2. By Lemma 2.3
lim←
DGn=Gn → lim← Ab(Gn Q)=Ab(Gn)
is surjective; where Ab(G) denotes the abelianization of a group G. Then the map
lim←
DGn \ lim← DGn=Gn → lim← Ab(Gn Q) \ lim← Ab(Gn Q)=Ab(Gn)
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is also surjective. By Lemma 1:1:1 of [4] lim←
1Ab(Gn) is nontrivial which implies that
lim← Ab(Gn
Q) \ lim← Ab(Gn Q)=Ab(Gn) = ker[e∗ : lim← 1Ab(Gn)→ lim← 1Ab(Gn Q)]
is an in%nite set by Theorem 4 of [2]. These facts show that s lim←
1Gn ∼= lim← DGn \
lim←
DGn=Gn is also an in%nite set. This completes the proof of Proposition 2.2 and;
therefore; Theorem 1.1.
Proof of Theorem 1.2. In the proof of the %rst assertion the groups may not be %nitely
generated nilpotent groups. The map n :Gn → Hn induces the following two short
exact sequences:
1→ kern → Gn → Imn → 1
and
1→ Imn → Hn → Hn=Imn → 1:
Since the set Hn=Imn is %nite for each n; the tower of sets {Hn=Imn} sati%es
the Mittag–LeNer condition. By the well-known six term lim← − lim← 1 sequence and
Lemma 2.1 it follows that the maps lim←
1Gn → lim← 1Imn and lim← 1Imn → lim← 1Hn
are surjective. Hence; the composite lim←
1Gn → lim← 1Hn is also surjective.
Now we prove the second assertion using the same two exact sequences. Here, the
groups are %nitely generated and nilpotent. By the %rst exact sequence and Lemma 2.3
lim←
DGn=Gn → lim← Imn
is surjective. Since Imn is a subgroup of Hn with %nite index, we have a bijection
Imn ∼= Hn for each n as will be shown below. Thus  induces the surjection
lim←
DGn=Gn → lim← DHn=Hn:
This surjection, needless to say, induces the surjection s lim←
1Gn → s lim← 1Hn.
Lemma 2.4. Let G be a nilpotent group and H be a subgroup with 6nite index. Then
DH=H ∼= DG=G:
Proof. For any element g of G(p) there is an integer r which is coprime to p such
that gr ∈G as in [1; p. 132]. By using this fact it is easy to see that for any g∈G∩ DH
and any prime p; g∈H if gp ∈H . Since g|G=H | ∈H for any g∈G; this fact implies
that G ∩ DH = H . Therefore; the natural map DH=H → DG=G is injective. To show that
it is surjective it suFces to show that the natural map G=H → DG= DH is surjective. We
have
|G=H |=
∏
c
|(cG=c+1G)=(cG ∩ H=c+1G ∩ H)|
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and the same formula holds for the localized groups. Since (cG=c+1G) and (cG ∩
H=c+1G ∩ H) are abelian groups; it is clear that
|(cG=c+1G)=(cG ∩ H=c+1G ∩ H)|
=
∏
p
|(cG(p)=c+1G(p))=((cG ∩ H)(p)=(c+1G ∩ H)(p))|:
Thus; the map G=H → DG= DH is bijective since it is injective and both sets have the
same number of elements.
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